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Abstract 
The determination of the optimum force between a permanent magnet and a high temperature superconductor is 
studied in terms of frozen image model. The Amperian surface current assumption is assumed for the magnetization 
of the permanent magnet in the force calculation.  The modeling is incorporated with the magnetic configurations of 
the magnet-superconductor system, such as vertical force for different cooling procedures. In the optimization study, 
the Amperian bulk current assumption is introduced to the force calculation. Comparing the theoretical results 
obtained from both assumptions with the experimental results showed that the force estimation is better with the bulk 
current assumption than that of the surface current. The results indicate that this improvement in the calculation of the 
force between the superconductor and permanent magnet is useful for larger geometries such as superconducting 
energy storage systems. 
 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Horst Rogalla and 
Peter Kes. 
Keywords: Levitation, Superconducting Bearings; 
1. Introduction 
Development of bearings that employ the levitation of the permanent magnets (PM) over the high-temperature 
superconductors (HTS) has made significant progress in the last decades [1-5]. The levitation of such bearings is 
passively stable with moderate stiffness in translational directions and has little resistance to rotational motion. 
Developments based on levitation of PM systems over the HTSs have potential to provide various industrial 
applications, such as maglev and superconducting magnetic energy storage devices. 
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It is well known from Earnshaw's theorem that stable levitation is not possible for the magnetic 
systems [3]. The force interaction between PM and HTS during the levitation of PM over HTS (or vice 
versa) does not obey this theorem since there are restoring forces associated with in all directions.  When 
an external magnetic field of PM is applied to the HTS the flux pinning provides the formation of 
induction gradients in the superconductor.  These gradients determine the nature of the screening currents 
within the bulk of the superconductor. Thus, the restoring force results from the interaction of the 
magnetic field created by the screening currents with that of the PM.  When a displacement is introduced 
to the PM and HTS system, which in turn creates a change in the magnetic field applied to HTS, the 
screening currents are formed.  The restoring forces make the superconducting levitation statically and 
dynamically stable in all directions.  
For the design of a superconducting magnetic bearing system, it is important to understand the nature 
of the forces associated with PM levitated over the HTS. The force between the PM and HTS have been 
calculated with various assumptions [4]. One of the most accepted force calculation was introduced in 
terms of the frozen image model by using surface current approaches [3, 4]. It is aimed to investigate the 
force between the HTS and PM further with this study to overcome some of the drawbacks exists in the 
current approach.  In this manner, the vertical force behavior of the PM levitated over the HTS was tested 
with frozen-image model for the bulk current approximation whereas an optimization is suggested for the 
surface current approach. 
 
2. Optimization of the force between superconductor and permanent magnet 
Forces between the PM and HTS are primarily determined by the flux pinning in the HTS.  Flux 
pinning provides the stability of the levitation of the PM over the HTS (vice versa).  The PM/HTS 
interaction can be analyzed in terms of dipole-dipole interaction (dipole approximation) as the screening 
currents in the HTS are similar to those between the magnetic dipoles due to the magnetic field from the 
PM. Thus, the PM/HTS interaction can be represented by the forces between dipoles and their images.  
For the melt textured superconductors where the hysteretic force curve is thin, this approximation is 
expected to give rational results [3].  As can be seen in Figure 1, a typical vertical force between a 
permanent magnet and superconductor is measured as a function of vertical gap in the zero field cooling 
process (ZFC). The force measurement is performed for two consecutive vertical traverses. It is found 
that there is little force difference between the traverses. The force values in the further traverses are not 
shown as there is no difference. 
For the force calculation between the HTS and PM the frozen image model is taken into account with 
the assumption that the PM can be modeled as a coil. In this model the ZFC and field cooling (FC) 
procedures are taken into account.  In ZFC, the PM produces its mirror image below the HTS top surface, 
which is called a diamagnetic image due to its diamagnetic behavior, as illustrated in Figure 2.  In FC, 
two images appear within the HTS: one is the diamagnetic mirror image, which is the same as in the ZFC, 
and the other is the so-called frozen image, which acts as it is pinned within the HTS.  The force between 
PM and HTS is provided by the interaction of the magnetic moment  of PM with  the frozen and 
diamagnetic image moments, both are due to screening currents in the HTS.  The diamagnetic mirror 
image moves when the PM moves so that its lateral position equals that of the PM, and its vertical height 
below the HTS surface equals the height of the PM above the surface.  Once formed the frozen image 
does not move and has coordinates (0, -h), where h is the field cooling height of the PM above the HTS 
surface.  The magnitude of the magnetic moment of the frozen-image is exactly equal to that of the PM so 
that there is no net force upon field cooling. 
 Ahmet Cansiz et al. /  Physics Procedia  36 ( 2012 )  1025 – 1030 1027
0
2
4
6
8
10
12
14
16
0 2 4 6 8 10 12 14
Fz_down1
Fz_up1
Fz_down2
Fz_up2
V
er
tic
al
 F
or
ce
 (N
)
Gap (mm)  
Fig. 1. Force as a function of gap between PM and HTS for ZFC process. 
r
 
 
Fig. 2. Schematic configuration of frozen – image model: 1 = PM, 2 = frozen image, 3 = diamagnetic 
image, 1′ = new location of 1, 3′ = new location of 3, Δz = vertical displacement of PM from its cooling 
position, r = lateral displacement of the PM from its cooling position. 
  
The typical vertical force result shown in Figure 1, where the force difference disappears with the 
consecutive vertical traverses, provides practicality of the modeling the force between the HTS and PMs. 
The vertical forces between the two coil, which is adapted for the PM/HTS system (one coil is PM and 
the other coil is either diamagnetic or frozen images of the PM within the HTS), is given as [3], 
 
2 2 2 2 2 2 1/2
0( , , ) ( ) (2 ) ( ) [ ][ ]/zF I R z I z K k R z E k z R zμ= − + + +
    (1) 
 
where I is the current obtained from surface current density of the PM with the virtual circular coils with 
radius R. In Eq.1, z is the separation distance between the coils, K is a complete elliptic integral of the first 
kind and E is a complete elliptic integral of the second kind with the argument of k. 
The force between the HTS and PM was calculated by using Eq.1 and compared with the experimental 
results as shown in Figure 3. The surface current density of the PM was obtained from its magnetization 
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as 660 kA/m.  As shown in Figure 3, the force prediction is not accurate for the distance between the PM 
and HTS in the 4 and 10 mm region. This discrepancy may be attributed to the method used for 
determining the dipole moment of the PM or the calculation method. 
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Fig. 3. Experimental and predicted force with the gap. The inset shows the detailed data. 
 
In the frozen-image model the magnetic moment of the PM is assumed to be in the vertical direction. 
However, the PMs generally have considerable inhomogeneity in their magnetization due to the 
disorientation of magnetic domains, resulting with a horizontal component to the local magnetization, 
which may average out over the volume of the PM and thus not exhibit a dipole moment [3].   
As shown in Figure 4, the vertical force of a dipole of moment oriented at a certain angle respect to the 
vertical is different than that of the purely vertical magnetic moment. Obviously, the frozen-image 
method and associated assumption of the dipole moment underestimate the force between the PM and 
HTS. Thus, the contribution of the horizontal component of the magnetic moment in the PM may require 
the inclusion of further values such as the quadrupole moment. In this study investigates if the dipole 
moment approach provides better results without adding the quadrupole moment contribution with using 
bulk current instead of surface. 
The force discrepancy shown in Figure 3 and 4 requires performing optimization on the force 
calculation. In the optimization process the bulk current approach was used along with the Amperian 
current approximation as an alternative approach to surface current in the PM. For the force results, 
shown in Figure 3, in terms of the surface current approach, the configuration of the surface currents 
circulating around the magnet is shown in Figure 5. In the force calculation, the permanent magnet is 
divided into sub layers, and an Amperian current assigned to each sub layer, according to the surface 
current density. Each sub layer is assigned a height above the HTS surface, calculated from the middle of 
the sub layer.  The diamagnetic and frozen images are also similarly subdivided. 
As shown in Figure 6, the force obtained with the bulk and surface current approaches are plotted with 
the experimental result as a function of the gap for the case of ZFC procedure. The surface current 
approach does not predict the force behavior correctly for the distances less than 4 mm.  The bulk current 
approach is more realistic.  Comparing the two approaches indicates that the bulk current provides better 
prediction for the distances less than 5 mm. 
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Fig. 4. Variation of the normalized force with the disorientation dipole angle. 
 
Fig. 5. Surface current configuration of PM. h is the distance between PM and HTS. 
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Fig. 6. Comparison of the bulk and surface current approaches in the case of ZFC procedure. 
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Fig. 7. Comparison of the surface and bulk current approaches for various FC heights. 
In order to investigate the force behavior in FC procedure, the vertical force was calculated in terms of 
various FC heights, as shown in Figure 7. FC results indicate that bulk current approach provide more 
realistic behavior for the force calculations; the force is not approaching infinite as the gap goes to zero as 
is the case  in surface current. The surface current approach is similar to the dipole approximation while 
the bulk current approach is similar to coil approximation, which is the realistic one. 
 
3. Conclusion 
In this study, the vertical force behaviour of a PM levitated over HTS was tested with the frozen-image 
model. The Amperian current approximation was used to predict the levitation assuming the bulk current 
circulates within the PM as an alternative approach to surface current. The comparison of the surface and 
bulk current approaches in the calculation of the levitation force for various field cooling heights 
indicated that the bulk current approach results are more realistic especially for small distances between 
the PM and HTS. These results may be taken into account while designing rather large superconducting 
bearing systems. 
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